The stability of lattice solitons is examined on computer. The three-body collision is found to preserve the initial identity of individual solitons participating the threebody collision. Large deformation provokes a soliton to split into two solitons and a train of ripples. The stability of solitons under random disturbances is examined on computer. The speed of a soliton decreases gradually when large disturbance is given initially on the medium, and thus the soliton is subjected a viscous damping. Further it is surmised from the experiments that there exists a critical value of the energy of the disturbance given to the medium, under which the soliton is stable and the speed is not affected by the presence of the disturbance. § 1. Introduction
In the preceding paper of this issue, Toda 1 > has shown that there exist solitary waves as well as train waves in the anharmonic one-dimensional lattice (exponential lattice) with a potential between two nearest neighbors given by rp(r)= ~ e- 6 '+ar, (1) where r is the elongation of the spring over its equilibrium separation D and a and b are constants. The solitary waves, or shortly solitons, found in the anharmonic lattice mentioned above are similar to the solitons found in Korteweg-de Vries (KdV) equation. In particular when a soliton of larger velocity overtakes another soliton of smaller velocity, they interact and form a temporary complex and after the collision they again emerge from the complex with their initial identity. During the collision, the solitons are accelerated, since the phases of solitons appearing after the collision are found to be advanced to those of the corresponding solitons before the collision. These phenomena were first observed in KdV solitons by Zabusky 2 > and by Lax. 3 > The occurence of the same phenomena in lattice solitons has been shown analytically by Toda. 1 >· 4 > In other words KdV or lattice solitons do not collapse after two-body collision. The recurrence phenomena are also found in KdV equation by Zabusky, and in anharmonic lattice vibrations by Fermi et al. 5 >
On the other hand we have shown by computer experiments 6 > that anharmonic lattices have a property to establish the approach to thermal equilibrium. The existence of stable train waves or solitary waves in anharmonic lattices seems to be in contradiction to ergodicity or to the property of the approach to thermal equilibrium.
In this paper we want to examine numerically if lattice solitons are stable under various circumstances. As far as our computational experiments revealed, the solitons are stable in the sense that they remain unaffected after threebody collisions, but they are not necessarily stable under large perturbations. §2. Three-body collisions
Consider an exponential lattice proposed by Toda. The equations to be discussed are
where m is the mass of particles and y. is the displacement of the n-th particle from its equilibrium position. We define s. as the momentum conjugate to the coordinate r., then we have (4) and ( 
5)
The boundary conditions considered here are (6) which mean that both ends are fixed. In all the calculation to follow, the equilibrium separation D between nearest neighbor particles is assumed 1 and the number of particles N is 60. The train-wave and solitary-wave solutions are given analytically by Toda; especially the solitary-wave solution of Eqs. ( 4) and (5) is given by r. = -+log {1 + sinh 2 a · sech 2 (an-{1t)},
{1= / : sinha where a is a parameter and the speed of a soliton and its direction are determined by a, or the height of displacement r and by the slope of momentum s respectively (see Fig. 1 ). The initial value problems of Eqs. (4) and (5) can be solved on computer, provided that r.'s and s.'s are given at t=O. As mentioned in the preceding section, the sizes and the speeds of two solitons which are separated before collision are proved to be preserved unaffected after the collision. Thus we have made experiments to see what occurs in threebody collision. First we carried out an experiment with the initial condition for three solitons so as to focus at the same point. This point is indicated by the small vertical arrow in Fig. 1 , where the initial values for r. and s. are given graphically. The horizontal arrow by the side of each soliton indicates the velocity of the soliton. Figure 2 shows the time evolution of the collision process initiated by the condition given by Fig. 1 . One sees that three solitons approach together to the point indicated by the vertical arrow, then they begin to interact nonlinearly, form a complex, and emerge with the same sizes and speeds as the initial solitons had before collision. Figures 3 and 4 show the experiments carried out under different initial conditions, where the three solitons are of the same sizes and shapes as in Fig. 1 respectively but do not focus at the same point. One sees also in these cases that the solitons undergo three-body collision preserving their sizes and shapes unaffected in the presence of nonlinear interactions. But whether or not these observations can be extended to a general conclusion including arbitrary many body collisions awaits further investigation. T=O.O~ As far as the deformation of solitons is small, the solitons seem to be stable. Thus numerical experiment of the effect of larger deformation on the stability will be of interest. A deformed soliton is prepared initially by elongating or shortening the height of the central part of a soliton as shown in Fig. 5 . As time goes on, the deformed soliton is resolved into a normal soliton and a train of ripples appearing just behind the moving soliton, pro- vided that the deformation is not too large. Here by normal soliton we mean such soliton as its width, height and speed can be described by Eqs. (7) and (8). At both ends of the chain, solitons are reflected, and thus the train of ripples is spread over the whole length of the chain. The soliton moves through the ripples with its speed unaffected. This is seen from Fig. 6 , where a spacetime diagram of the movement of the central peak of the soliton is given. The trajectory is exactly a straight line with constant inclination equal to the inverse of the velocity of the initial normal soliton without deformation. Furthermore the shape of the soliton is temporarily deformed by the presence of random ripples, but Lattice site 60 Much more larger deformation given to a soliton seems to be unable to generate three or more solitons, so far as the deformation is confined to the change of the height of the central peak. In the preceding section, we have found that a deformed soliton, if given as an initial condition, resolves into a normal soliton and a train of ripples. The soliton seems to move through the ripples without the change of its speed, as if it were not for disturbance. But it is not certain whether this is really and always the case or not.
T=O.O~!
To see this more clearly we carried out computer experiments by introducing a random disturbance initially on the lattice on purpose besides a soliton, and wanted to see if the soliton is affected by this disturbance. To see the effect of larger disturbances, we have to make larger the amplitudes of either coordinates r.'s or momenta s.'s. The larger disturbance in the coordinates, however, hides the solitons when described in coordinates r.'s. Thus it is better for the convenience of observation to make the disturbance in s.'s larger. In Fig. 9 , we present the timespace diagram of solitons under large random disturbance of the medium. One will easily find that the large random disturbance in momenta give rise to slowing down of the speed of soliton as time proceeds and the soliton suffers a viscous resistance. We can determine the friction constant. The larger the disturbance is, larger becomes the viscous resistance for the soliton. We also found that the disturbance is more effective for slowing down of the speed in case a=0.471, b=2.121 than in case a= b = 1. This fact is also consistent with the fact that the energy sharing among normal modes in case of a= b = 1 is more difficult than in case of a=0.471, b=2.121, as explained in the paper. 7 ) Figure 10 the relation between the friction constant and the energy of the random disturbance. This indicates that there exists a critical value of the energy of the disturbance under which the soliton moves without viscous resistance and is stable. The cases described in Figs. 5 and 7 lie just within this stable region since the energy of the ripple in the case of Fig. 7 is 0. 7 96 of the total energy which is smaller than the critical value e,. These two cases are for a=b= 1 and, as explained above, the case of a=b= 1 is much stable than the case of a=0.471, b=2.121. Therefore the critical value e, is expected to be larger than the case of a=0.471, b=2.121 in Fig. 10 . §5. Discussion
We have shown in the above sections that small disturbances given to the system do not affect the movement of a soliton, but larger disturbances give rise to the slowing down of the speed of a soliton. Since the total energy is conserved, the slowing down of the speed, or in other words the decrease of the energy of the soliton causes the increase of the energy of the disturbances. This fact is also obseved in our experiments. In fact the amplitudes of the disturbances are becoming larger and larger as time proceeds, and thus the system becomes unstable.
This amplitude instability is necessary for the ergodic property of anharmonic lattice systems, but the boundary between the stable and the unstable region is unknown. Especially we have to know the dependence of this stable or unstable region upon the number of particles of the system. These problems are left unsolved yet.
